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ABsTrACT. We study pseudotrees endowed with a Sorgenfrey type
topology. For a point t, we define its valence as the minimum size
of a maximal antichain in the set of successors of ¢, and we use
this to distinguish discrete from indiscrete branching. In the dis-
cretely branching case we define immediate branching and show
that every point will have a set of immediate successors. We then
introduce pseudo-suprema valence, which requires that the minimal
upper bounds of every bounded chain to be valent with respect to
all upper bounds. For pseudotrees with the Sorgenfrey topology,
Dedekind completeness implies Hausdorff, zero-dimensional, and
Tychonoff separation properties, and under pseudo-suprema va-
lence these properties are equivalent. For immediately branching
pseudotrees, pseudo-suprema valence is equivalent to the nonexis-
tence of an embedded copy of w* in the successors of any point.
Finally, for Hausdorff, immediately branching, pseudo-suprema va-
lent pseudotrees, we characterize the existence of a super generator
in terms of mutually agreeing clopen local bases and cofinal se-
quences.
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1. INTRODUCTION

Pseudotrees are a natural relaxation of trees. Instead of every set of
predecessors being well-ordered, pseudotrees require the set of predeces-
sors to only be totally ordered. Pseudotrees have a history in logic and
order theory regarding the study of the pseudo tree-algebra (the initial
chain algebra) and its associated Stone space as seen in [2], [6], and [1].
However, much investigation into the structure and properties intrinsi-
cally related to topologies on pseudotrees is lacking. The goal of this
paper is to first, understand what global or local requirements may be
placed on pseudotrees in order for trees to be an emergent subclass, and
second, classify all pseudotrees which admit a discrete (0,1)-generator
such that the image of each function is the two-point {0, 1}.

The second section is dedicated to classifying pseudotrees based on
their branching. To do this, we define valent sets which are maximal
antichains in the successors to a point such that every successor is com-
parable to one point in the valent set. A pseudotree will be discretely
branching if such a valent set exists, and be indiscretely branching oth-
erwise. After, we classify pseudotrees where the partitions induced by
valent sets admit minimal elements as immediately branching.

The third section is devoted to studying the local structure of im-
mediately branching pseudotrees and their topological properties when
equipped with the Sorgenfrey topology (upper-limit topology). It will
be shown that the classical equivalence of Dedekind completeness, zero-
dimensionality, Hausdorff, and Tychonoff, which is witnessed in trees, can
be recovered in immediately branching pseudotrees if the minimal pseudo-
suprema of a every bounded chain form a valent set. Then, we give an
equivalence of immediately branching pseudotrees as those which do not
admit an embedding of the reverse ordering of w. Lastly, we define the
tools needed to study to generators on pseudotrees.

The final section gives a classification theorem for immediately branch-
ing pseudotrees to admit discrete (0, 1)-generators such that the image of
any function is precisely {0,1}. The theory of discrete (0,1)-generators
was recently discussed in [4]. We show that these generators determine
a collection of cofinal sequences and a collection of local bases. We show
that an immediately branching Hausdorff pseudotree will have a super
generator if and only if there exists a unified pair of clopen local bases
and cofinal sequences. Lastly, we offer a few immediate corollaries relat-
ing to the existence of super generators on trees, and fully extending the
result in [4] showing that every ordinal has a discrete (0, 1)-generator.
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2. PSUEDOTREES, VALENCE, AND BRANCHING

In this section, we review definitions pertaining to partial orderings.
Then, we define valent sets as maximal antichains of such that every
element is comparable to exactly one member of the antichain. Then,
we show that pseudotrees that admit valent sets above points such that
the comparability equivalence class for each point in the valent set has a
minimal element are locally trees.

2.1. Conventions and Pseudotrees. All topological and set-theoretic
definitions are standard and can be found in [3], [7], and [5]. Only ZFC is
assumed. «, 3,7, ... are ordinals, k, A\, u, v ... are cardinals, w is the least
infinite limit ordinal. If o is an ordinal, a® denotes a equipped with the
reverse order.

Let (X, <) be a poset. Elements z,y € X are said to be comparable if
either ¢ < y or y < z, and x and y are said to be incomparable otherwise.
We will make use of the following notation throughout: for a fixed z € X,

S i={yeX:y<uz} S i={yeX:y<uz}
r”i={yeX :y>uz} w2 ={ye X :y>a}

An element © € X is minimal if < = () and mazimal if = = (.

If Y C X is any subset, then Y is itself a poset with the inherited
order from X. If Y C X, an upper bound (resp. lower bound) for Y
is an element z € X such that y < z (resp. =z < y) forally € Y. A
subset C' C X is called a chain if C' is totally ordered. A subset A C X is
called an antichain if the elements of A are pairwise incomparable. X is
Dedekind complete if every non-empty chain that is bounded above has a
least upper bound.

A tree is a partially ordered set (T, <) such that for all t € T, ¢t< is
well-ordered. All trees will be assumed to have a minimal point called the
root. For every t € T, h(t) is the order type of the set t< and is called the
height of t. The height of T is defined to be

h(T) :=sup{h(t) +1:teT}.

For trees, t+ = {s € T : t < s,h(s) = h(t) + 1} is the set of immediate
successors, and, if h(t) is a successor ordinal, then ¢~ is the immediate
predecessor of t.

Definition 2.1. A pseudotree is a partially ordered set (T, <) such that
t< is a chain for every t € T'.

Example 2.2. All ordinals, trees, and the real numbers with their usual
ordering are pseudotrees.
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2.2. Valence of a Pseudotree. We formalize branching at points in
pseudotrees. We classify pseudotrees based on the two types of branching
that they can exhibit. We call the two types discrete branching and
indiscrete branching. We prove that if pseudotrees branch similarly to
trees, then the set of successors at each point can be partitioned by their
comparability to an invariant set of points which represent the direction
of branching.

Definition 2.3. A point ¢ in a pseudotree T is a branch point if there
exist distinct points ¢q,t, € t~ such that ¢; and ¢, are incomparable.

Definition 2.4. Let ¢ be a point in a pseudotree T. The valence at t is
defined to be

At = min{|F| : F is a maximal antichain in ¢~ }.

Remark 2.5. If ¢t is a branch point in 7', Zorn’s lemma guarantees the
existence of at least one maximal antichain in ¢, hence \; > 1.

Proposition 2.6. Lett be a point in a pseudotree T'. t is maximal if and
only if Ay = 0. If t is not maximal and not a branch point, then Ay = 1.

Proof. If t is maximal, then t~ = (). Hence, the only maximal antichain is
C =0, and \; = 0. If \; = 0, then the empty set is a maximal antichain
in t~. Hence t~ = (), and ¢ is maximal.

If ¢ is not maximal and not a branch point, then ¢~ contains no two
incomparable elements. Hence ¢~ is a chain. Thus, maximal antichains
are singletons, and \; = 1. a

Definition 2.7. Let X be a poset and let F' C X be a maximal antichain.
We say that F' is valent with respect to X if each x € X is comparable to
a unique f € F.

Definition 2.8. Let t be a point in a pseudotree T. We say F' C T is
valent at t if it is valent with respect to ¢~.

Definition 2.9. A point ¢ is said to be discretely branching if there exists
a maximal antichain F' which is valent at ¢, and is said to be indiscretely
branching otherwise.

Now, we prove the fact that valent sets for points which are discretely
branching capture the notion of branching found in pseudotrees.

Proposition 2.10. Let t be a discretely branching point in a pseudotree
T. If Fy and Fy are two sets which are valent at t, then |Fy| = |Fa|.

Proof. We prove this by constructing two injections f : F; — F5 and
g : Fo — F; and invoking Cantor-Schréder-Bernstein. For s € Fy, let
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f(s) = &' where ¢ is the unique element of F5 that s is comparable to.
Similarly, define g : F5 — F; in the same fashion. Then, to see that f
is injective, take two s1,s2 € Fy, and assume f(s1) = f(s2) = s’. This
means that both s; and sy are both comparable to s’. But F} is valent,
which means there is a unique s € F; such that s’ is comparable to s.
But this means that s = s; = s as desired. By the same argument, g is
injective, and we get |Fy| = |Fb|. O

Lemma 2.11. Let t be a discretely branching point in a pseudotree T. If
F is valent at t, then |F| = As.

Proof. If Ay = 0, then t is maximal, and the only set which is valent at ¢
is the empty set, and we are done.

Now assume that ¢t~ is non-empty. If F' is a maximal antichain in
t~, then \; < |F| by definition. Let G be any maximal antichain in ¢~.
Consider the map f : G — F where f is defined by f(s) = s’ where s’ is
the unique member of F' such that s is comparable to s’.

Now we show f is surjective. Assume it were not, then there exists
s’ € F such that no element of G is comparable to s’. But G is a maximal
antichain, so GU{s'} would also be an antichain - a contradiction. Hence
f is surjective, and |F| < |G|. Thus, A\; < |F| and for every maximal
antichain G, |F| < |G|, hence |F| < A, therefore A, = |F| as desired. O

Definition 2.12. A pseudotree T is discretely branching if each non-
maximal branch point is discretely branching.

Remark 2.13. If T is a tree, then T is discretely branching, and for
every t € T, t* is valent at ¢t and A\, = [t T].

Thus, pseudotrees are split in two classes: discretely branching and in-
discretely branching. We have exhibited that discretely branching pseu-
dotrees witness branching behavior exactly like trees while indiscretely
branching is a novel property.

2.3. Immediately Branching Property. We now characterize discretely
branching pseudotrees in terms of whether or not the successors at a point
are immediate. We show that if a pseudotree is discretely branching and
witnesses immediate successors, then immediate successors must be va-
lent. Hence, branching in these pseudotrees is almost identical to trees.
All pseudotrees through the rest of this section are assumed to be dis-
cretely branching.

Definition 2.14. Let t be a non-maximal point in a pseudotree T. Let
Fy={F Ct> : Fis valent at t}. For a fixed F' € F, and every s € F,
define the set called the branch towards s as

Bi(s) = {t' €t : t' is comparable to s}
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Proposition 2.15. For a fized F' € Fy, the family B = {B(s) : s € F'}
18 a partition of t~.
Proof. For any t' € t~, there exists a unique s € F such that ¢ is compa-

rable to s as F' is valent at t. Thus, B covers t~. Moreover, let s1,s5 € F.
Assume Bi(s1) N Bi(s2) # 0. Then, for any t' € Bi(s1) N Bi(sa), t’

is comparable to both s; and s;. But as F' is valent, s; = sy and
Bi(s1) = Bi(s2). Thus, for any distinct s1,82 € F, Bi(s1) N Bi(s2) = 0,
and B is a disjoint family. |

Proposition 2.16. For distinct Fy, Fy € Fy, the families By = {By(s) :
s € F1} and By = {B(s) : s € F»} are equal.

Proof. Take s; € Fi, and let sy € F, be the unique point of F5 that
is comparable to s; guaranteed by valence. Take r € By(s1), so r is
comparable to s;.

If r < sq, then r is comparable to so. If 59 < sq, 51S is a chain, and
hence either so < r or r < s9. If 87 < s9, then transitivity guarantees
that r < s5.

If » > s; and assume 7 is not comparable with s;. Then, there exists
7’ € Fy such that r is comparable to r’. Since s; < r, then we have that s;
is comparable to ' by the same argument above. However, s; is already
comparable to sy, so s5 =/, which is a contradiction.

In either case, we conclude that r is comparable to s and r € By(s2),
and Bi(s1) C Bi(s2). The reverse inclusion is the same as above, and we
conclude that B;(s1) = Bi(s2).

As we have established that valent sets are in bijection with one an-
other, we establish that B = Bs. O

Definition 2.17. Let ¢t be a non-maximal point in a pseudotree T, and
let F' be valent at t. Then, we say T immediately branches at t if for every
s € F, the branch towards s has a minimal element.

Remark 2.18. T being immediately branching at a point ¢ is independent
of choice of valent set F. This follows immediately from the previous
proposition which shows that for any valent set, the partitions into the
branches towards s € F' are equal.

Proposition 2.19. Let t be a point that immediately branches and has
valence \y witnessed by a valent set F. Then, there is a set of immediate
successors t* and Ay = |tT| = |F|.

Proof. For each s € F, let m4 be the minimal element of B;(s) guaran-
teed by immediately branching. Then, define S = {m, : s € F'}. It is
immediate that S is also valent at t. We claim that m, is an immediate
successor of ¢t. If there were another t < t/ < my, then ¢’ is comparable to
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s, and my is the least element of By(s), so ms <t and t/ = m,. Thus, my
is an immediate successor, and S = t*. Lastly, the previous proposition
shows, as S is also valent, that |F| = |S| = [tT]. O

Definition 2.20. We say a discretely branching pseudotree T is imme-
diately branching if and only if every non-maximal point ¢ € T is imme-
diately branching.

Corollary 2.21. Let T be an immediately branching pseudotree. Then
for every t € T, the subset {t} Ut is a tree with height less than or equal
to 2.

We have thus characterized pseudotrees in terms of their branching
properties. Immediately branching pseudotrees are locally pseudotrees
at the level of immediate successors. Yet, immediately branching pseu-
dotrees are still a much larger class of posets than trees themselves.

3. TOPOLOGICAL PROPERTIES OF PSEUDOTREES

In this section, we determine that to endow pseudotrees with the Sor-
genfrey (upper-limit order) topology. To do so, we investigate how imme-
diately branching pseudotrees differ from trees topologically. We will show
that with an assumption about the existence of minimal upper bounds
to chains, pseudotrees and trees with both necessitate that Hausdorff,
Dedekind completeness, zero-dimensionality, and Tychonoff properties to
be equivalent. Lastly, we prove that every immediately branching pseu-
dotree with minimal upper bounds to chains will locally be a tree.

3.1. The Sorgenfrey Topology.
Definition 3.1. Let X be a poset. Define the collection
S={2":reX}u{zS:2c X}

Then the topology generated by S as a subbase is called the Sorgenfrey
topology and denoted 7s.

Proposition 3.2. Let T be a pseudotree endowed with the Sorgenfrey
topology. For a fixed non-minimal t € T and any s < t, define the set
(s,t] = s> NtS. Then N(t) = {(s,t] : s < t} is a neighborhood base for t.
If t is minimal, then t is isolated.

Proof. Fix two finite collections of points {s;}{_; and {¢;}7*;, and con-
sider the basic open set

Bz(ﬁs?)ﬁ ﬁtf
j=1

i=1
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formed from the subbase. Assume B is neighborhood of a non-minimal
point t € T.

As t € s7, we have that s; € t= for each i. As t= is a chain, and there
are finitely many s;, we can find a maximum. Call it s = max{s; : 1 <
i <n}. Then, as t <t;, t< C tjg. Then clearly (s,t] C B.

If ¢ is a minimal point in 7', then take the basic open set t< from the
subbase. By definition, t< = {t}, and ¢ is isolated. O

Proposition 3.3. Let T be a pseudotree endowed with the Sorgenfrey
topology. T is a Ty space.

Proof. Fix two distinct points s, € T. Either s or ¢S will suffice to
separate the points. If s and ¢ are incomparable, either works. If s < ¢,
s< works. If t < s, t= suffices. O

For the rest of the paper, every pseudotree will be assumed to be
endowed the Sorgenfrey topology. An interesting fact about trees with
this topology is the following

Theorem 3.4. Let T be a tree. Then, the following are equivalent:

i. Hausdorff,

ii. Dedekind complete,
iii. zero-dimensional,
iv. Tychonoff.

Thus, we determine a minimal condition on pseudotrees such the above
properties also become equivalent.

Theorem 3.5. Let T be a pseudotree endowed with the Sorgenfrey topol-
ogy. If T is Dedekind complete, then T is also

i. Hausdorff,
ii. zero-dimensional,
iii. Tychonoff.

Proof. Let T be a Dedekind complete pseudotree. We proceed in order.

Let t1,t2 € T be distinct points. If ¢; and to are comparable, then,
without loss of generality, let t; < to, then U = 751S and V = (t1,t] are
separating open neighborhoods.

Assume t; and ¢y are incomparable. If 151S and 152S are disjoint, then
they are separating. Assume otherwise, and let C' = 151S N tQS. Note that
C is a bounded chain and must have a least upper bound ¢ € T. Then,
the neighborhoods U = (¢,t;] and V = (¢, to] are disjoint. To see this,
assume U NV is not empty, then there would be a r such that r € tlS ﬂt;
and r > ¢, a contradiction of the upper bound of c.
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We show that every ¢ € T has a basis of clopen sets. If ¢ is minimal, this
is immediate as Hausdorff guarantees that singletons are closed. Assume
t is not minimal, and let s < ¢ and (s,t] a neighborhood of ¢t. We will
show that s> and t< are themselves closed.

Let r € (t=)¢. If 7 > t, then (¢,7] is an open neighborhood of r missing
t<. If r and ¢ are incomparable, then consider the set C' = t= NS, If
C is empty, then < C (t=)¢. If C is not empty, then C is a bounded
chain with a least upper bound ¢. Then (¢, r| is an open neighborhood
of  missing t=. Indeed, if = N (c, 7] were not empty, then there is some
c<c <randc <t but then ¢/ would be in C, contradicting the least
upper bound c. Therefore, (t=)¢ is open, and t< is clopen.

Let r € (s>)°. If r < s, then s= is a neighborhood of r missing s>. If
r and s are incomparable, then consider the set C' = r< N s<. Again, if
C is empty, then < C (s)¢. If C is not empty, then it has a least upper
bound ¢. Then (c¢,r] will again be an open neighborhood of r disjoint
from s~.

Hence s> and t= are clopen, and (s,t] = s> Nt is clopen, and T is
zero-dimensional.

Every zero-dimensional Hausdorff space is completely regular. O

The issue here is very direct. In general, pseudotrees will not have the
property that Hausdorff implies Dedekind complete.

Example 3.6. Let T = w+w* + (w+1). T is not Dedekind complete as
the chain w C T does not have a least upper bound and is not Dedekind
complete. Yet it is Hausdorff, zero-dimensional, Tychonoff, and immedi-
ately branching while also being not discrete.

The following condition will enable pseudotrees to make Hausdorff and
Dedekind completeness equivalent.

Definition 3.7. Let T be a pseudotree. If C' is a bounded chain, let
B(C) ={t € T : Ve € C,c < t} be the set of upper bounds, and let
MB(C) ={m € B(C) : m is minimal in B(C)} be the set of all minimal
upper bounds for C'. Then, we say that T is pseudo-suprema valent if
MB(C) is valent with respect to B(C).

Stated informally and proven later, pseudo-suprema valence necessi-
tates no infinite descending upper bounds for any chain. It first needs
to be noted that pseudo-suprema valence is not a rewording of Dedekind
completeness.

Proposition 3.8. Dedekind completeness is strictly stronger than pseudo-
suprema valence.
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Proof. Let T be Dedekind complete. And let C' be any bounded chain in
T. Then, C is guaranteed to have a least upper bound ¢ € T. Then the
set F = {c} is valent with respect to B(C) as each element ¢t € B(C)\ {c}
has the property that ¢ < ¢.

However, there exists pseudo-suprema valent pseudotrees that are not
Dedekind complete. The simplest example is a non-Dedekind complete
tree like w U {001,002} where n < 001 and n < 0oy and oco; and ocog
are incomparable. The set w C T is a bounded chain, and the minimal
upper bounds are {007, 002} which is trivially valent with respect to itself.
Moreover, for any other chain in in w U {oo1, 002} if it bounded in w, the
minimal upper bound will be the maximum element. O

Lemma 3.9. Let T be a Hausdorff and pseudo-suprema valent pseu-
dotree. Then T is Dedekind complete.

Proof. Let C' be a bounded chain. Because T is pseudo-suprema valent,
MB(C) is not empty. By way of contradiction, assume that ti,ts €
MB(C) are distinct points. Since T is Hausdorff, choose disjoint basic
neighborhoods U = (s1,t1] and V = (sa,t2] of ¢; and ty respectively.
Because t; is a minimal upper bound of C, there exists c¢y,cs € C such
that s1 < ¢; <t; and s9 < ¢y < t9.

As C is a chain, we may assume without loss of generality that ¢; < cs.
But, this implies that co € U, a contradiction. Therefore, M B(C) is a
singleton, say {c}. Since M B(C) is valent in B(C'), every upper bound
u € B(C) is comparable to ¢, and the minimality of ¢ ensures that ¢ < u.
Thus, c is a least upper bound of C. O

Theorem 3.10. Let T be a pseudo-suprema valent pseudotree. Then, the
following are equivalent:

i. Hausdorff,

ii. Dedekind complete,
iii. zero-dimensional,
iv. Tychonoff.

Proof. By the above lemma, every Hausdorff pseudo-suprema valent pseu-
dotree is Dedekind complete by lemma 3.9. Every Dedekind complete
pseudotree is Hausdorff, zero-dimensional, and Tychonoff by theorem 3.5.
Every Tychonoff space is automatically Hausdorff. Lastly, every T, zero-
dimensional space is Hausdorff. To see this, let s,t € T be distinct points.
Since 7g is Tp, take a basic clopen neighborhood U of ¢ that separates s.
Then U*¢ is a neighborhood of s and disjoint from U. ]

3.2. Recovering Trees from Pseudotrees. We finally characterize pre-
cisely when pseudotrees are locally trees. In doing so, we show exactly
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when immediately branching pseudotrees fail to be pseudo-suprema va-
lent.

Theorem 3.11. Let T be an immediately branching pseudotree. T is not
pseudo-suprema valent if and only if there exists a point t € T such that
w* embeds into t~.

Proof. Assume T is not pseudo-suprema valent. Then, there exists a
bounded chain C such that M B(C) is not valent with respect to B(C).
This reduces to two cases. Either M B(C) is empty or there exists an
upper bound that is not comparable to any minimal upper bound.

To see this, failure of the valency of M B(C) with respect to B(C)
implies that there is some v € B(C) such that there does not exist a
unique s € M B(C) such that u and s are comparable. Failure to find
a unique element could happen in two ways: there are actually more
than two s1,s82 € MB(C) such that u is comparable to both, or there
are no elements in M B(C) that u is comparable to. In the first case,
if u is comparable to both, s; and so, and s; and ss are both minimal
upper bounds, then this would require s; < v and sy < u and s; and so
incomparable. Hence < would fail to be a chain. Thus, there is only one
mode of failure of valency for non-empty M B(C), and that is when there
exists a u € B(C') that is incomparable to all of M B(C).

First, assume M B(C) = (). Then, B(C) has no minimal elements.
Pick any ug € B(C). As ug is not minimal, u5 N B(C') is not empty.
Then, pick any u; € ug N B(C). In general, if we have chosen u,, then
(N, ui) N B(C) is non-empty, and pick any u,41 from this set. Hence,
we have an embedded w* into T. For any ¢ € C, as u, are all upper
bounds of C, then ¢ < u,,. However, as u,4+1 < u, strictly by choice, we
must have ¢ < u,, for all n. Otherwise, if ¢ = u,, for some n, then then
we would have u, 11 < ¢, a contradiction on the fact that u,; € B(C).
Let ¢ : w* — B(C) by ¢(n) = uy,. Then, ¢p(w*) C c¢”.

Assume now that M B(C) is not empty. Let u € B(C) such that there
are no elements of M B(C) that are comparable to u. As w is not minimal,
select any ug € u< N B(C). Note, that ug also cannot be minimal. So, we
may apply the same construction in the case when M B(C) = () to obtain
that there is some ¢ € C' such that there exists an order embedded w* in
c”.

Now, assume there is a point ¢ € T such that w* embeds into t~. Let
{un : n < w} C t> be the image of w*. As T is immediately branching,
the set tT exists and partitions t>. So, there exists s € tT such that
{un : n < w} C By(s).

Define the set C' = {x € By(s) : ¥n,z < u,}. The set C is non-empty
and a chain. It is not empty because s € C, and is a chain because
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C C ug, and is bounded above as u,, is an upper bound for each n < w.
So B(C) is not empty. Then we claim that M B(C) is not valent.

If M B(C) was valent, then there would be a minimal upper bound m
such that m < u,, for each n < w. But as T is immediately branching,
then m™ exists. Moreover, there exists m’ € m*™ such m’ < wu, for
every n because T is immediately branching and m* is valent. But, this
would imply that m’ is also in C, and m < m' which contradicts the
minimality. Therefore, M B(C) cannot be valent, and T is not pseudo-
suprema, valent. O

The proof of the previous theorem actually highlights a stronger state-
ment. In an immediately branching pseudotree, if you are able to embed
w* into t~ for some t € T, the existence of immediate successors to t
necessitates w + w* to be embeddable as well. However, we will not make
use of such a fact.

Lastly, we make concrete the statement that immediately branching
pseudo-suprema valent pseudotrees locally look like trees.

Theorem 3.12. Let T be an immediately branching pseudo-suprema va-
lent pseudotree. Then, for all s,t € T with s < t, the set (s,t] is well
ordered. Moreover, t= is a tree.

Proof. Assume (s,t] is not well-ordered, then we may freely pick an infi-
nite descending sequence {t, : n < w} such that ¢,; < t,. Hence, w*
can be embedded into s~ which is a contradiction.

Consider the set ¢Z as subposet. We know that for any ¢’ € ¢Z, the
set (t,t'] is well ordered. The set of predecessors of ¢’ restricted to t= is
precisely [t,t'), and is also well ordered as we are adding another least
element and removing the maximum. Hence, for all ¢ € t=, the set of
predecessors is well-ordered, and ¢t is a tree. O

Corollary 3.13. Let T be a pseudotree. T is a tree if and only if it is an
immediately branching pseudo-suprema valent pseudotree with a unique
minimal element.

Proof. The forward direction is immediate, and the reverse follows from
the previous theorem as for the root r, rZ = T. O

3.3. Limits, successors, and local bases. Throughout the rest of the
section, T is a Hausdorff, immediately branching, pseudo-suprema valent
pseudotree. Before moving to the main result, we must prove some results
detailing the local tree structure of these pseudotrees. As we are not
guaranteed a minimal element of a pseudotree, we must adopt tree-like
properties at every point.



DISCRETE GENERATORS ON PSEUDOTREES 13

Definition 3.14. A non-minimal point ¢ € T has relative limit height
if there exists an s € T with s < t such that the height of ¢ in 5= is a
non-zero limit ordinal. Denote the order type of  in the tree s= by hy(t).

Proposition 3.15. If ¢t has relative limit ordinal height with respect to
some s € T with s < t, then it has relative limit ordinal height with respect
to all s € T such that s’ < t.

Proof. This follows from the ordinal arithmetic fact that for ordinals a, 3,
«a + [ is a limit ordinal if 8 is a non-zero limit ordinal.

If ¢ has relative limit height with respect to s < ¢, then hg(t) is a limit
ordinal. Consider any other s’. If s’ < s, then hy(t) = hy(s) + hs(t)
where the addition is taken as ordinal addition. Then hy(t) is also a
limit. Assume s < s’. Then, hs(t) = hs(s’) + hg (t). Then hy (t) must
also be limit. Otherwise if hy (t) = S+ 1, then hs(t) = hs(s') + (a+1) =
(hs(s') + @) + 1 would be a successor. O

From now on, we will not use “relative,” and only say t is a limit or of
limit height.

Proposition 3.16. Ift is a non-minimal point in T that does not have
limit height, then t is an immediate successor.

Proof. Since t is not minimal and does not have relative limit height, it
does not have relative limit height for all s < ¢. Then, for any s < ¢, ¢t has
successor height in s2. This means, there is some t’ such that ¢’ < t and
t € t'*. However, the fact that we have restricted ourselves to the poset
52 does not change that ¢ is an immediate successor of ¢’ in T O

The following propositions shows that immediate successors in pseu-
dotrees behave precisely like immediate successors in pseudotrees. We
can always find a limit point below an immediate successor where the
immediate successor has finite height in the subtree.

Proposition 3.17. Ift is an immediate successor, and there is an s <t
such that s is of limit height, then there exists ' < t such that s’ is of
limit height and hy (t) < w.

Proof. Let t be an immediate successor and s < ¢ be a limit. Consider the
chain C = {u < t: u limit}. Then C' is a non-empty and bounded by ¢~.
Hence, it has a least upper bound. If ¢,, is the least upper bound of C,
then ¢, is a limit. Assume otherwise that ¢,, is an immediate successor,
then ¢ would also be an upper bound for C'. Hence %, is a limit.

As t is an immediate successor, then consider the ordinal h,  (t). If
he,, (t) > w, then, there exists a ¢’ € tZ, such that hy, (t) = w. But then ¢
would be in C. Thus, hy,, () < w. O
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Without a root in a pseudotree, hence making it a tree, we still must
be able to define limits in terms of the smallest possible cofinal sequence
that converges to them. Since ¢ will not necessarily have a height in a
pseudotree, we define a cardinal invariant which conceptualizes the acces-
sibility to t.

Definition 3.18. Let ¢ have limit height. Then, we define the relative
cofinality of t, denoted cfr(t), to be min{cf(hs(t)) : s < t}. If ¢t is a
successor or minimal, use the convention that cfr(¢) = 1.

Proposition 3.19. Let t be a non-minimal point. If t is a limit, then
there exists an increasing sequence {t, : pn < cfr(t)} such that t, —t. If
t 1s a successor or minimal, then t is isolated.

Proof. Allow s < t to be an element such that cf(hs(t)) = cfr(¢). Then
consider the tree s=. Let {a, : u < cfp(t)} C hs(t) be cofinal and
a, — hs(t). Then, let ¢, be the ay,th element of ¢<.

To see that t, — t, take any basic open neighborhood (#,t] of t. If
t' <s, then {t, : p < cfp(t)} C (¥,¢]. If s <t, then we can find some ¢,
such that ¢’ < ¢, by cofinality. Hence, {t, : v < p < cfr(t)} C (¥',t], we
have {t, : p < cfr(t)} is eventually in (¢',t] as desired.

If ¢ is an immediate successor, then let ¢t~ be its predecessor. Then
(t—,t] = {t}. O

By the above, any tree can be partitioned into two sets, T”, the derived
set of T consisting of all points limits, and T\ 7", the set of all isolated
points which are either minimal or immediate successors. Then, we are
able to define local bases in terms of a limit points relative cofinality in a
pseudotree.

Proposition 3.20. Let ¢t be a limit and {t, : p < cfr(t)} a monotonic
increasing sequence with t,, — t, then {(t,,t] : p < cfr(t)} is a local basis
at t.

Proof. For each s < t, and open neighborhood (s, ], there exists a ¢, > s
guaranteed by convergence, then (¢,,t] C (s,t]. O

Remark 3.21. Indeed, cf(t) = x(t) = min{|B;| : B; is a local basis at t},
the character of t.

Now, we must intertwine two concepts: local bases and cofinal se-
quences at limit points. We start by defining collections of well behaved
cofinal sequences.

Definition 3.22. Let t be a limit point. A mapping ¢; : cfr(t) — t< is
said to be limiting if ¢; is order preserving and ¢¢(u) — ¢t in T. If t is a
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successor, then ¢; : 1 — ¢< is said to be limiting if ¢;(0) =¢~. And, if ¢
is minimal, then ¢, : 1 — {¢} is said to be limiting.

Definition 3.23. A collection of maps M = {¢; : t € T} is said to be
uniform limiting if ¢ is limiting for each t.

Remark 3.24. Each uniform limiting collection of maps is equivalent to
choosing a neighborhood basis of clopen sets for each ¢ € T” defined in
proposition 3.20.

As cofinal sequences determine local bases, it is important to note
the concept when a limiting maps force points to be in their associated
neighborhood.

Definition 3.25. Let ¢t and ¢’ be two points. We say a limiting function
¢w interacts with t if there exists a p < cfp (') such that ¢y () < t. Let
M be a uniform limiting collection. Then, we say M is finitely interacting
with t if the set

M(t) :={s €t :3t € By(s),t interacts with t}
is finite.

As will be revealed in next section, the local bases we will be mainly
concerned with are those which consist of clopen sets and have property
monotonic property of the usual half open interval base.

Definition 3.26. Any local basis of clopen sets A, = {Ay,; : o < 8} of
a point ¢t is monotone if Aq41+ C Aq . A collection of clopen local bases
A={A;:t €T} is monotone if each A; is monotone.

Finally, we reveal the definition of what it means for a collection of
limiting maps and a collection of clopen local bases to coherently interact
with one another.

Definition 3.27. Let M be a uniform limiting collection and A be a
monotone collection of local bases consisting of clopen sets. We call the
pair (M, A) homogeneous if for each limit point ¢ and p < cfr(t), we have
the relation

(Pe(p+1),t] C Apgis C (de(p),t] C Ay

Lastly, before turning our attention to generators, we need to define
a property of clopen local bases. At this time, this property is not im-
mediately clear why it needs to be defined. However, the idea is that we
always want any collection of clopen local bases to have uniform behavior
around the points they include.
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Definition 3.28. Let (M, A) be a homogeneous pair. Then, A is said
to be agreeing above t if for all u < cfr(t), there exists a F;, € [T]|<%,
such that for every ¢’ > ¢t and v < cfp ('), if t € A, and ¢ (v) > t, then
(AptAA, )N R # 0.

Moreover, A is said to be agreeing below t if for every p < cfp(¢),
there exists a F};, € [T]<%, such that for every ¢ >t and v < cfp(t'), if

QSy(I/) < t, then (qutAA,,’t/) n F‘,}z,t 7& @

Example 3.29. We will prove in section 4, that the collection of clopen
local bases of the form A; = {(s,t] : s < t} will always be agreeing above
any point ' < t. So, we give an example of a collection that is not.

Let T={n<1:n€Z}U(wx (w+ 1)) where the ordering is given by
the natural ordering for n € Z, and w x (w+1) will be branches emanating
from 1. So, {n} x (w+ 1) will be ordered as (n,7) < (n,j) if and only if
i <jand (n,i) < (n,w), and 1 < (n,m) for all (n,m) € w x (w+1).

Then, for each (n,w) we build the following clopen local base. Let

AO,(n,w) = {_n7 0} U (1a (n,w)]
and
A (nw) = ((,m 4 1), (n,w)].

This example seems contrived, but witness the following terrible con-
sequence. We have that 0 € Ag (,, ) for every n. But yet, A,, ) is a
clopen local base, and behaves quite well as expected. But, there is no
way to separate each Ag () from {0} in the sense that no finite set can
successfully detect all neighborhoods which include 0.

It should be noted here that T is a Hausdorff, immediately branching,
pseudo-suprema valent pseudotree.

4. CLASSIFICATION FOR SUPER-GENERATORS

In this section, we combine the previous discussions of topology to
classify when immediately branching pseudo-suprema valent pseudotrees
admit a discrete (0, 1)-generator such that the range of each function in
G is the two-point set {0, 1}.

4.1. Generators. First, we recall basic definitions from C,(X) theory
about generators.

Definition 4.1. Let X be a Tychonoff space. Then we say that a collec-
tion of real-valued continuous functions on X, G, is a generator for X if
for every x € X and every non-empty closed set K C X such that z ¢ K|,
there exists a g € G such that g(z) ¢ g(K).
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Definition 4.2. Let C,(X) be all continuous real-valued functions on a
Tychonoff space X. We endow C,(X) with the point-wise topology. The
basic open neighborhoods of any f € C,(X) are given by, for all € > 0
and all F' € [X]<¥,

U(f,Fe) ={g € Cp(X) : Yz € F,|f(z) — g(z)| < €}.

Definition 4.3. A generator G is discrete if G is a discrete subspace of
Cp(X).

Definition 4.4. A generator G is said to be a (0, 1)-generator if for every
2z € X and non-empty closed set K C X such that x ¢ K, there is a
g € G such that g(z) =1 and g(K) = {0}.

Definition 4.5. A generator G is said to be super if it is a discrete (0, 1)-
generator with the property that for every g € G, ran(g) = {0, 1}.

We prove a short helpful proposition before going further.

Proposition 4.6. Every continuous real-valued function on a space X
such that the range is {0,1} is of the form xa for some clopen A C X.

Proof. Let f : X — R be continuous with ran(f) = {0,1}. For a fixed
0 <e< 1andball B((1) CR,let A= f~'(B(1)). Then, by continuity,
A must be open. But, as f only takes values in {0, 1}, it must also be the
case that A = f~1({1}). Hence, A is also closed. Thus, f(x) = 1 if and
only if z € A, and f(z) =0if and only if x ¢ A, and f = xa4. a

4.2. Main Theorem. We finally arrive at the main result.

Theorem 4.7. Let T be a Hausdorff, immediately branching, pseudo-
suprema valent, pseudotree equipped with the Sorgenfrey topology. Then
the following are equivalent:

i. There exists a homogeneous pair (M, A) such that for everyt € T,
A is agreeing above t, and if M is not finitely interacting with t,
then A is agreeing below t.

ii. T admits a super generator.

In short, this theorem says that if a pseudotree 1" admits a pair con-
sisting of a uniform limiting collection of sequences converging to all limit
points and an associated collection of clopen local bases such that the
bases are monotone, and have the property that finite sets are suitable
enough to detect all the neighborhoods that include a point, then we will
obtain a super generator. The necessity result states that every super
generator gives rise to this pair.
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4.3. Sufficiency. We will break this proof up into multiple lemmas. First,
sufficiency will be dealt with by showing that any homogeneous pair
(M, A) will give rise to continuous real-valued functions by being the
indicator on local basic sets. Then, we will show that the two hypotheses
in 4. are enough to ensure that these functions will be isolated in C,(T)
by choosing a suitable finite set F' € [T]<“.

Lemma 4.8. Let (M, A) be a homogeneous pair such that for everyt € T,
A is agreeing above t, and if M is not finitely interacting with t, then A
is agreeing below t. Let

g= U {gu,t c A € A}

A e A
where g,.+ = Xa,.,. Then G is a (0,1)-generator.

Proof. As T is zero-dimensional, (s, t] are clopen sets. Thus the functions
X(s,t) are continuous for each s < t. Assume we have a point ¢t € T" and
a closed subset K such that ¢ ¢ K. Then, as each 4; € A is a local
basis for ¢, there exists some p < cfr(t) and some A, ; € A; such that
A,+NK =0. But then, g,(t) =1 and g, +(K) = {0} as desired. O

Throughout, let F}, and F, ;t be the sets guaranteed by A agreeing
above and below a point ¢ and p < cfr(t) respectively.

Lemma 4.9. Ift is isolated in T, then go . is isolated in G.

Proof. We will build a neighborhood of gg ; that misses all other g, ++ € G.
We have two possible cases: either M is finitely interacting with ¢ or
otherwise. In these two cases, we will pick a suitable finite set F'. Let
qu,t = U(go,t>F7 %)

Case 1. Assume |[M(t)| < w, and let F' = {t} U F§, U M(t).

If ¢/ # t is also isolated, then |go(t) — go.i' ()| = 1. So, assume that ¢’ is
a limit. If g, ¢ (t) = 0, then |go,(t) — gov(t)| = 1 as well. So, assume that
gy (t) = 1. If ¢y interacts with ¢, then there exists s € M(¢) such that
|90,¢(s) — gut(s)| = 1. If ¢y does not interact with ¢, then ¢t € A, by
the fact that g, () = 1. So, there is f € F§, such that f € Ag;AA, 4.
Hence, |go.(f) — guar ()] = 1.

Case 2. Assume [M(t)| > w, and let F = {t} U F§, U Fy,.

If ¢ # t is also isolated or ¢’ is a limit with g, 4 (¢) = 0, then it is
the same as the previous case. So, assume ¢ is a limit with g, »(t) = 1,
then we have two cases. If ¢4 interacts with ¢, then there is an f € F&t
or if ¢y does not interact with ¢, then there is an f € F§; such that
f e Ao AA, . Thus, |go+(f) — goe(f)] = 1.
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In both possible cases above, we have shown that Uy, , NG = {go,¢} as
every other function will differ from g ; by 1 for some point in F. Hence,
go,+ 1s isolated. O

Lemma 4.10. If t is a limit in T, then g, is isolated in G for each
< cfr(t).

Proof. The strategy here is the same as in the last lemma. We fix a
pu < cfr(t) and a g, ¢, and we construct a neighborhood that misses all
other g, by choosing an appropriate finite set F' in the two possible
cases. Let Uy, , = U(gu,, I, %)

Case 1. Assume |[M(t)| < w. Let F' = {¢(1n), s (p+ 1), t}UFZ , UM(2).
If ¢/ is isolated, then go 4 (t) = 0, and |g,.+(t) — gow (t)] = 1. So, assume
now t’ is also a limit. If g, /() = 0, then we also have |g, +(t) — gu.¢ (t)| =
1.

So, assume that g, 4 (t) = 1. If ¢/ # ¢, then ¢ > ¢. If ¢ interacts with
t, then there is an s € M(t) where |g, +(s) — gv+(s)| = 1. If ¢ does not
interact with ¢, then there is f € Fjj;, such that f € A, AA, . Then,
190,6(f) = o ()] = 1.

Now assume ¢ = t'. Then it is the case that either ¢:(u) € A, AA, 4
or ¢y (p+1) € A, AA, v by the monotonicity of A. Thus, we will get that
|91,6(De(1) = Gu (D¢ (1)) = 1 or g e(de(pe+ 1)) — gu (de(p +1))] = 1.
Case 2. Assume [M(t)| > w. Let F = {¢(n), ¢e(u+1),t} UF2  UFP,.
If ¢ is isolated or if ¢/ is a limit with ¢t ¢ A, /, then |g,+(t) — gu¢ ()] = 1.

So, assume that ¢’ is also a limit with g, ¢ (t) = 1. If ¢/ # ¢, then ¢’ > ¢.
If ¢ interacts with ¢, then there is an f € F /Enf or if ¢y does not interact
with ¢, there is an f € Fj, where f € A, ;AA, . So, in either case, we
obtain that [g,e:(f) — g ()] = 1

Then, lastly, if ¢t = t/, the case is the same as above. We apply
monotonicity of A to deduce that either ¢:(p) € A, AA, ¢ or ¢(p +
1) € A,+AA,p to obtain that either |g,+(¢¢(1)) — guv(de(p))| = 1 or
190, (Pe (1 + 1)) = Gup (de(p + 1)) = 1.

In both cases, we have exhibited an F' such that U(g,., F, %) ng =
{9u,+} as every other function different from g, ; will differ by at least 1
on the finite set F. Hence g, is isolated in G. O

Lemma 4.11. G is a super generator.

Proof. By lemma 4.8, G is a (0, 1)-generator, and lemmas 4.9 and 4.10
show that G is discrete. O

4.4. Necessity. Now we prove necessity. Necessity will be established in
a few steps. First, we will show that every super generator G determines
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an associated homogeneous pair. Then, it will be shown that G will ac-
tually have a canonical sub-generator H made up of indicator functions
whose sets are from the collection of clopen local bases. These indicator
functions will be enough to ensure the properties needed of the homoge-
neous pair (M, A). So, assume G is a super generator on a Hausdorff,
immediately branching, pseudo-suprema valent pseudotree T

Lemma 4.12. G determines a homogeneous pair (M, A).

Proof. We will construct a cofinal sequence ¢, for every limit point ¢ from
clopen subsets A, ; determined by the inverse image of a function in G
which is sufficiently separating. Both of these are enough to guarantee
limiting maps, monotoncity, and homogeneity.

Fix a limit point ¢ and any s < t with cfp(t) = cf(hs(t)) and a cofinal
sequence {t, : p < cfp(t)} with tg > s. Moreover, fix some 1 > ¢ > 0,
and a neighborhood D = B.(1) C R.

For p = 0, there exists a function go+ such that go: separates ¢ from
(to,t]°. Set Agy = g(;tl(D). Then by continuity, ¢ € Ag: C (to,t] is
open. Hence, there exists a tg < sy < t, such that sp < ¢t and (sg,t] C
Aps. Indeed, may pick the smallest (sg,¢]. To find sp, use Dedekind
completeness. Consider the chain C = {s < t: (s,¢] ¢ Ap, It must be
bounded and non-empty as Ag; is open. Then, allow sy to be the least
upper bound. Then, let ¢;(0) = sq.

Assume we have defined s, and A, ;. Then, there exists a g,y1+ € G
such that g, 11+ separates t and (max{s,,t,},t]°. Set A, 41; = g;i17t(D).
Then, as g,4+1,: is continuous, and A, 41 is open, there exists ¢, < 5,41 <
t such that (s;,41,t] C A,41,. Again, we may take s,41 to be the smallest,
and let ¢y (pu+1) = 5,41

Assume we have defined s,, for all u < A < cfr(t) where A is a limit.
The set C = {s, : p < A} is a chain. Then, by Dedekind complete-
ness, there exists a least upper bound cy. Note, that ¢y # ¢ as it would
contradict cofinality. Then, there must exist a g that separates ¢ from
(max{cyy ¢, ] Set Ay; = g;i(D) Then, by continuity, A ; is open.
So, there exists an ty < sy < t such that (sx,t] C Aa,. Set ¢+(A) = sa.

Hence, we have defined a sequence {s, : p < cfr(t)} and a collection
of local bases of clopen sets A = {4, ;: p < cfp(t)}.

Then, we claim that ¢;(x) = s, is limiting and A is a monotone local
basis. But ¢; being limit is immediate. s, was constructed in such that
s, > t, and {s,} is monotonic. Moreover, it must be the case s, — ¢
as t, — t. Moreover, A automatically becomes a local basis. If (s,?]
is a basic open neighborhood, then there exists a s, > s by cofinality,
and A, 1 C (su,t] C (s,t]. The homogeneity condition is built into the
constructio nas well by the previous statement and definition of ¢;(u). O
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Proposition 4.13. For each isolated t € T', the function g = x(1y € G-

Proof. If t is isolated, then {t}, by the generator property, thereisa g € G
such that g(t) =1 and g({t}°) = {0}. Hence, g = g; = x{s}- O

Lemma 4.14. Let {A,; : p < cfp(t)} be a local basis at a limit point ¢
guaranteed by G. Define

H=| U ) u(U{XAM,t:u«fT(t)}).

teT\T" teT
Then H C G and H is a discrete super (0,1)-generator.

Proof. This is immediate by construction of A, ; from G and proposition
4.13. O

Lemma 4.15. If (M, A) is the homogeneous pair determined by G, then
A is agreeing above allt € T, and if M is not finitely interacting with t,
then A is agreeing below t.

Proof. By way of contradiction, assume that A is not agreeing above at
every t € T. Then there exists some point ¢ and p < cfp(t), such that
for every F € [T|<%, we can find another point ¢’ and v < cfr(t) such
that (A, :AA, ;) N F = (. Then, there is no way that G can be discrete,
as this shows that every neighborhood U(g,, +, F' €) will also contain some
gu,t’ -

Assume M is not finitely interacting with ¢ and A is not agreeing below
t. Then we have \; > w, and the set of limits above ¢’ > ¢ such that ¢
interacts with ¢ is not empty. Thus, if F € [T]<“ is arbitrary, then we
are guaranteed a limit ¢ > ¢t with v < cfr(¢') with |g,(f) —gop ()| =0
for all f € F. Hence, every neighborhood of g, ; will also contain another
guv,t, and G cannot be discrete. O

Thus, sufficiency of theorem 4.7 is covered by lemma 4.11, and necessity
is proven by lemma 4.15

4.5. Immediate Corollaries and Possible Directions. We end this
paper with by stating a few immediate corollaries as they relate to trees
and ordinals.

Proposition 4.16. Let T be a tree. Then there exists a homogeneous
pair (M, A) such that A is agreeing above every t € T.

Proof. For each t € T, if t is the root or of successor height, then Ay, =
{t} and ¢, is defined as in definition 3.22. Let ¢ be of limit height. Choose
any strictly monotone cofinal sequence {t, : p < cf(h(t))}. Then let
Au+ = (ty,t]. Then, simply let ¢;() = t,. If M is all of these limit
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maps and A is all the local bases above, then it is immediate that A is
monotone and the pair is homogeneous.

To see that A is finitely agreeing, we simply note the following: if A, ;
is a neighborhood of ¢ and A, is a neighborhood of ¢/, then ¢ € A, ;s if
and only if ¢y (v) < t. Thus, agreeing above is vacuously satisfied. |

Corollary 4.17. FEvery finite branching Hausdorff tree will have a super
generator.

Proof. Finite branching Hausdorff trees are automatically immediately
branching and pseudo-suprema valent. Moreover, A\; < w for all ¢t € T.
Thus, M is finitely interacting at every point. O

Corollary 4.18. There exist trees of arbitrary height and breadth that
erhibit a super generator.

Proof. Fix two cardinals x and p. Then, consider k + 1 as a tree and
add on to the root with y many immediate successors. M will be finitely
interacting with every point. Hence, apply proposition 4.15. (|

Corollary 4.19. Every ordinal exhibits a super generator.

Proof. Apply proposition 4.16 as ordinals are trees where A; < 1 for every
t € a. (]

Lastly, we end with two possible possible continuations of research.

Problem 4.20. Is such a classification available for Hausdorff, non-
immediately branching, pseudo-suprema valent pseudotrees?

Problem 4.21. What properties of trees gives rise to an equivalence of
the existence of such a homogeneous pair (M, .A) with the properties that
admit super generators?
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